INTERNATIONAL JOURNAL OF

OLIDS and
STRUCTURES

www.elsevier.com/locate/ijsolstr

PERGAMON International Journal of Solids and Structures 37 (2000) 1003-1018

Effect of couple-stresses on the elastic bending of beams
A. Anthoine*

Structural Mechanics Unit, Institute for Systems, Informatics and Safety, Joint Research Centre, European Commission, I-21020
ISPRA (VA), Italy

Received 18 December 1997; in revised form 10 September 1998

Abstract

The problem of the pure bending of a circular cylinder is solved within the linear couple-stress theory. The
solution is obtained by correcting the classical solution with a solution in plane strain within the section. A
generalized formula is thus derived for the bending inertia of a circular cross-section. © 1999 Elsevier Science Ltd.
All rights reserved.

1. Introduction

The linear couple-stress theory is the simplest possible type of generalisation of the classical
continuum theory: by allowing for possible effects of the rotation-gradient in addition to the strain, the
number of elastic constants for an isotropic material is increased from two to four. It is a special case of
the Cosserat (or micropolar) theory in which the micro-rotation field is treated as independent variables
so that six elastic coefficients are required. Further generalisation may be achieved by allowing for
possible effects of more general and higher strain-gradient, with or without independent micro-
displacement field: the first strain-gradient theory requires seven elastic constants (Mindlin and Eshel,
1968; Germain, 1973), eighteen if the micro-displacement field is treated as independent variable
(Mindlin, 1964), as much as the second strain-gradient theory does (Mindlin, 1965).

Within the framework of the linear couple-stress theory, a series of well-known classical problems of
elasticity can be solved in a more or less simple manner (Mindlin and Tiersten, 1962; Mindlin, 1963;
Koiter, 1964; Sokolowski, 1970). The closed-form solutions derived for problems such as the torsion of
circular cylinders, the cylindrical bending of plates or the stress concentrations around circular holes,
exhibit fundamental differences with respect to the classical solutions. In particular, they may explain/
predict the so-called size-effect whereby the smaller is the size of the specimen, the stronger is its
response.
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The purpose of this paper is to solve the problem of the pure bending of a circular cylinder, thus
allowing for an ulterior assessment of the practical significance of the theory. After recalling the
fundamental equations of the linear couple-stress theory, the problem of the pure bending of a circular
cylinder is formulated and solved in two steps. First, the classical solution is injected into the system of
equations and is found to violate one boundary condition. Then, a corrective solution is sought in plane
strain within the section. From the complete solution, a generalized formula is finally derived for the
bending inertia of a circular cross-section.

2. Fundamental equations of the linear couple-stress theory

In the linear couple-stress theory, the work of the internal forces is assumed to depend on the
rotation-gradient, in addition to the strain (Mindlin and Tiersten, 1962; Mindlin, 1963; Koiter, 1964;
Sokolowski, 1970). Instead of merely recalling the fundamental equations, the author felt it appropriate
to rederive them through the principle of virtual work following the presentation of Germain (1973),
that is starting from the expression of the work of the internal forces. The fundamental equations, in
particular the boundary conditions, are thus obtained without any ambiguity. Furthermore, neither the
skew-symmetric part of the stress tensor nor the trace of the couple-stress tensor need to be introduced.
At the end, the constitutive equations are recalled in the case of a linear elastic isotropic medium.

2.1. Kinematics

The kinematic variables to be taken into account within the linear couple-stress theory are the strain g
and the gradient of rotation «:

&j = §(Wji + uij) = &

Kij = Sejttpi (ki = 0) (1)
where e is the alternator. Other relevant quantities are the rotation tensor w and the rotation vector w:

Wi = (Ui — Uif) = )i

w; = %e,jkukJ (2)
Eliminating the displacement u in (1) and (2), the following relations are obtained:

wij = eijka
R
Wi = 7€k jk

— _ 1
Kij = Wji = 5€jkiW ki (3)

It should be mentioned that the definition of the gradient of rotation is not unique in the literature: in
(1), the definition of Mindlin and Eshel (1968) has been chosen but some other authors (Koiter, 1964,
Sokolowski, 1970; Germain, 1973) use the conjugate of x;; instead.
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2.2. Work of the internal forces
The virtual work of the internal forces #"(;) is assumed to depend on the strain & and on the gradient

of rotation k, so that the associated stress quantities are the classical Cauchy stress tensor ¢ (symmetric)
and the so-called couple-stress tensor u (deviatoric):

Wiy=— J (gieij + ki) dv “4)

Q
In the presentation of Koiter (1964) also followed by Sokolowski (1970), expression (4) is not assumed a
priori but derived from the Cosserat equations of equilibrium expressed in terms of the full (non-
symmetric) stress tensor and the full (non-deviatoric) couple stress tensor. As a matter of fact, it may be
shown that neither the skew-symmetric part of the stress tensor nor the first invariant of the couple-

stress tensor contribute to # ;.
Substituting & and x from (1) and using the divergence theorem, # ;) may be transformed into

1
W= —J (0'1/”_/,1‘ + 2ejk1'“1f/'ulaki> dv
Q
1 1
= . a,»j,,»uj—(a,»j'uj),i+§ejk1/1gf’iu;,k — Eefk’(“f/u”k),i dv

1 1 1
= Q(Uif,tuj (i) ;5 Gt ik + 26’_fk1(#z/,z‘“/),k—ze_/k/(#z/”l»k),i) dv

1 1 1
= (O-if,fl’l_/ — Eeiklul'j}ikm) dv + J ( — Oj;Uin; + Eejklﬂgj’,-uﬂ’lk> ds — J Ee_,-klu,-juggkni ds (5)
Q aQ Q

where n is the outward unit normal to the bounding surface 9€). Introducing the component of the
rotation vector tangent to 9Q, i.e.

Wj = Wj = Wplphj = %e#dul,k - %epkl”/,k”pn/ (6)
and the component of yw;n; normal to 9Q

Hn = Hynin; (7
the last integral in the right-hand-side of (5) becomes

1

1 -
—J 2 CikIH LT ds = — (M = My M)W+ > CpkIULKMp i ds
a0 90

~ 1
" e <('ui/ T )Wt zeﬁkh“mul,k”ﬁ> ds

~ 1 1
~ )i (('“lfinf = Hun)Wj = Eepk/unn,kump) ds — LQ 2 €oki(Hunr)  T1p A (8)
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Making use of the Stokes theorem on a surface S having a closed boundary 9.,

J €plk V]ﬁkl’lp ds = % V,’l‘j d/ 9)

s as
the last term in the right-hand-side of (8) is transformed into
1 1 1

-1, S Cplk(Huntit) T ds = — . E[['um“f]]lj dl=— . E[['uﬂ]]ujtj d/ (10)
Here, T is an edge of 9Q at which intersect two surfaces of different outward unit normals n* and n™.
Furthermore, ¢ is the unit vector tangent to I', oriented positively with respect to n™, i.e. such that the

scalar triple product (n™ An~)-t is positive. The double brackets indicate the jump of the enclosed
quantity across the edge, i.e.

[[tan]) = 1yt " = pni (1
Substituting (8) and (10) into (5) leads to

1 1
W = L <0 i — fikj#mm)uj dv — LQ<0 i+ 5Cik (Fpkp = Nm,k)>”i“j ds
- 1
_ ag(,u!-/n,- = Hun1)W; ds — - E[[,uﬂ]]tjuj d/ (12)

2.3. Work of the external loads

The external loads are of two types: the body loads and the contact loads. The former are composed
of body forces fand body couples ¢ so that their virtual work is

W = JQ (fij + ¢jwy) dv (13)

The latter are composed of surface forces p and surface couples ¢ on 3Q and line forces P on I', so that
their virtual work is

W(C) = J (pjuj + quj) ds + J PjUj d/ (14)
aQ r

Here, the allowance for line forces is motivated by the existence of the line integral in (12). Substituting
w from (1) and using the divergence theorem, (13) may be transformed into

. 1
W) = Q(ﬁuj + 56,&/?;“%) dv

X 1 1
=1 \fui— ekt + S e(cin) . ) dv
o ,

1 1
= Q<f1 - sz’./pkcpﬂk>”j dv + LQ 5 Gk CpMticttj ds (15)
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Decomposing w according to (6), introducing the normal component of ¢
qn = qini (16)

and using the Stokes theorem, (14) may be transformed into

5 1
Wiy = ag<pjuj + (9 — qur)W; + 2epk1n1,njqju1,k> ds + Jr Pu;dl
- 1
= | AP+ (@ = dumj)W; + Sepanpdntiik ) ds + | Py dl
20 r

.1 1
= <P./“./ (4 = 4 W) = S Cpktgnktitty + 5 €pki(qntir) knp) ds + J Pju; dl
2Q ’ r

1 - 1
= ((pj + ejk,,qﬂ,kn,,>uj + (95 — qgnj)wj) ds + J (Pj + [[qﬂ]]tj) u;dl (17)
Q 2 r 2
By introducing the following reduced contact loads
Pi=Di+ 3eikdn

q;i = qi — 4

P = P;+ 3[[qn]]t: (18)

W (¢ 1s simply written as
Wiy = J (P + qw;) ds + J Pju;dl (19)
a0 r

At each point of 9Q, the contact loads can thus be represented by only five independent quantities, the
three componentss of p and the two components of the tangential vector ¢. As a matter of fact, the
normal component of the surface couple g, does not contribute directly to #"(., but indirectly through
the reduced line forces and the tangential components of the reduced surface forces. This is due to the
fact that the kinematic counterpart of g,, i.e. the normal component of the rotation, is fully specified by
the distribution of tangential displacements over the boundary. As a consequence, the number of
boundary conditions holding on a smooth surface is not six but only five. As mentioned by Koiter
(1964), a very similar situation is encountered in the bending theory of plates where the number of
boundary conditions are reduced from three to two.

Eqns (14) and (19) show that the reduced contact loads are equivalent to the original ones in an
energetic sense. Consequently, the resultant # and the moment resultant .# of the loads acting on a
portion S of the boundary may be computed indifferently from the original or reduced loads. Indeed, #
and ./ are, by definition, the dual quantities of the translation U and the rotation W in the work of the
loads during a rigid displacement of S. Introducing this rigid displacement i.e.

uy = U+ e Wix (20)
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in (14) or (19), and reducing the integral to S and to its edges I's, one gets

W = (J pjds—i-J del)Ui—i-(J ejjk X jPk ds—i—J ek X j Py dl—i—J ql-ds)Wl-
s Ts s T, s

- <J iz ds—i—J P; dl) U+ (J XD ds+J e X Py dl+J q,ds>W, (21)
S T S G S

I

so that

g!z,-sz,-derJ P,dl:Jﬁ,derJ P;dl
S rs S‘ l—S

M= J €ijk X Dk ds + J ei/kx‘,-Pk d/ + J qids = J ei/kx_,-ﬁk ds + J
S 3 S S

e X Py dl—i—J g, ds (22)
I's I's

N

2.4. Equilibrium equations and boundary conditions in stresses

The principle of the virtual work ensures that # ;) + # ) + # () is zero for any virtual displacement
u. From (12), (15) and (19), we get

1 1 _
L <04‘/,i = ek (Hpkpi T Cki) +f/)u,f dv + LQ (( = 0+ €k (Hprp + Gk — Hm,/c)>”f +P./) uj ds

] (b s+ a) s [ (= S+ 2 ) ai=o 3)
The four integrands must vanish separately, so that the equilibrium equations are
i — 3eijk (Hpkpi + cri) +1/i=0 24)
in Q and the boundary conditions expressed in stresses are

(04'/ - %eg/k(,upk,p + o — ﬂ@,k))ni =p;

Hiti = oy = G 25)
and 6Q and
S[Hn] ]l = P (26)
along I'. As anticipated, the boundary condition (25) contains only five equations.

From (25) and (26), it follows that the reduced contact loads on the surface, whether on the boundary
or in the interior of Q, are immediately retrievable from the stresses and couple-stresses.
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2.5. Constitutive equations

For a linear isotropic elastic material, the potential energy-density is given by the quadratic form
E v 2
W= Wiz, i) = 5y \ G + 73, Bt + 20 (i + i) (27)

where, along with the classical Young’s modulus £ and Poisson’s ratio v, appear two additional material
parameters: / homogeneous to a length and 5 dimensionless. From the condition of positive definiteness
of W in the neighbourhood of the neutral state, it follows that

E>0,7 >0, —1<v<05and —1<y<l1 (28)

so that / is indeed a length for being real and positive.
The stress—strain relations read

aw E v
0ij = 5 =05 = T\ & T 75, a0
g
aw 2EP
Hyj = 3—KUZ>#U = T3, i) (29)

and their inversion is

14+v v
&j = — 50y — pOkkOy

I1+v

= 2Ep ()T ) (30)

3. Solution for pure bending

Since the couple-stress theory is a generalization of the classical continuum theory, the solution of the
pure bending of a circular cross-section beam is sought as a generalization of the classical one.
Specifically, to the classical solution will be superposed a corrective solution in plane strain within the
cross-section. A cylindrical coordinate system will be used throughout, except for the calculation of the
resultant and moment resultant on the section, which will be performed in a Cartesian coordinate
system. Both coordinate systems are shown on Fig. 1 along with the bending axis.

3.1. Statement of the problem

The system of equations to be solved is composed of four groups of relations: the geometric relations
(1), the stress—strain relations (29), the equilibrium eqns (24) and the boundary conditions (25) and (26).
The last two groups of equations are now specified in the case of pure bending of a circular cylinder.

Since there are neither body forces nor body couples, the equilibrium equations reduce to

Giii = 3Cifkbpkpi = 0 GD
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Fig. 1. Pure bending along e, of a circular cross-section beam.

Since the lateral surface (n =e,, and r = R) is free of forces and couples, the reduced surface loads are
zero and the boundary conditions read

Orj = 3Cnik(Hpkp — Hrr) = O (32
and

tyj — 0 = 0 (33)
On the cross-section (n = e;), the reduced surface forces and couples are given by

= 1
P;j=20z— Ee-’./k(:upk,p - :uzz,k)

(j]’ = K — :uzzéjz (34’)
On the edge of the cross-section (n* =e.,n~ = e,, t = ey and r = R), the reduced line forces are
13]' = %(:uz: - /’trr)afg (35)

From (34) and (39), it follows that the resultant and moment resultant on the cross-section are

R 2n 2n

Ry = (P, cos 0 — py sin H)rdrdH—J Py sin OR dO
Jo Jo 0
"R 271 2n

Ry = (p, sin 0+ pj cos 0)rdrd9+J Py cos OR dO
0 Jo 0
R 2n

R. = p.rdrdd
0 Jo
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R (2n R 2n
My = (q, cos 0 — g sin 0)r dr d@—f—J J p. sin 0% dr dO
Jo Jo 0 Jo
R 2n R 2n
My = (q, sin 0 + G4 cos 0)r dr d@—J J p. cos 0r* dr do
0 Jo 0 Jo
R 2n 2n
M- = por* drdf + J PyR* do (36)
0 Jo 0

For a state of pure bending around the y-axis, all the above components but .#, must vanish.

3.2. Classical solution

In cylindrical coordinates, the classical solution for pure bending is given by

u, = %(w2 + 22) cos 0

Uy = %(vrz —z")sin0

u, = —yrz cos (37)

where y is the curvature. According to (1), such a displacement field leads to the following strain and
gradient of rotation:

vr cos 0 0 0 0 0 v sin 0
eE=y 0 vr cos 0 0 , k=yx| O 0 v cos 0 (38)
0 0 —r cos 0 sin cos 0 0

The associated stresses and couple-stresses are derived through the constitutive eqns (29):

00 0 2EPR 0 0 (v+1n)sin 0
o=E¢|0 O 0 s B=1 0 0 (v+1n)cos 0 (39)
0 0 —rcosf Ty (14+vy)sin@ (1+vy)cosO 0

The divergence of the (non symmetric) couple-stress tensor, i.e.

i 8:“17 1 aluﬁr 8:uzr )
ar +r<"”‘ Hoot 9 ) T %2

oy | 1 ou o
Mpkep = 3—r0 + P <.Ur0 + U, + 3—909) + 3—29 (40)

8nurz 1 8/19: a:u'zz
or +r<'u"2+ 90 + 0z

and the component u, turn out to vanish. Thus the equilibrium eqns (31) and the first boundary
conditions on the lateral surface (32) reduce to their classical expressions and are therefore satisfied by
the classical stresses ¢. Unfortunately, the second boundary conditions on the lateral surface (33) are
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violated unless 1 = —v since

v+
1+v

1 — UySjr = i = 25 EI sin 05 (41)
Contrarily to the case of torsion (Koiter, 1964; Sokolowski, 1970), the classical solution needs here a
modification in order to comply with the couple-stress theory. The same situation is encountered for the
pure bending of a rectangular cross-section as quoted by Koiter (1964). As a matter of fact, this author
did not attempt to obtain the exact solution but derived upper and lower bounds of the flexural rigidity.

3.3. Additional solution in plane strain

The additional solution is sought in plane strain in the section perpendicular to the z-axis, with the
aid of the generalized Airy stress functions introduced by Mindlin (1963). This method is most effective
here because the problem to be solved is formulated in stresses and the determination of displacements
could be avoided. However, for the sake of completeness, the displacements will also be derived.

In a state of plane strain in the plane perpendicular to the z-axis, the stresses and couple-stresses
solution of eqns (1), (29) and (31) are given by

_loag  10%p  10% | 19y

o= ar TR0 rore0 T 7290
SIS U N KL
O T ara0 12 90

0z = (1%+132¢+ 82¢)

ror g ar

90 =000 =350 " rora0 2

19¢p 13% N 1(82¢ 1oy 13%/;)
arr  rar 1 e?

Opz = 0z = 00z = 0z = 0

_w
" dr
_ 1oy
lu()Z - r 39
Yy
:uzr—ng
REL
:uZG - r 80

Iy = Hog = Mo = Mo = Pz =0 (42)
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where ¢ and  are generalized Airy stress functions related to each other by

0 272 _ o 218 2

—ar(lp—le)_ 2(1 v)lr—BHVg{)

19 22\ _ 20 o

;ag(lp—z V2y) =201 — v)f 5V ¢ (43)

The derivation of the stress functions satisfying (43) is facilitated by noting that they necessarily satisfy

VAV =0

Vi — PVPVA) =0 (44)
Thus, for the sought additional solution, we take the following stress functions

¢ = Ar’ cos 0

V= <Bll <Ll> + Cr) sin 0 (45)

where 4, B and C are three constants and 7, is the modified Bessel function of the first kind and order
n. It is reminded that:

dI r _11 r 11 r
51<7>—71(7>+72(7)
d21 r _11 r 11 r 46
a? 1(7)—ﬁ1(7)‘712<i) 40)

Relations (43) are satisfied if
C=16(1 —v)P4 (47)

From expression (42), the non-vanishing components of the stresses and couple-stresses are

o, = | 24r — Elz ")) cos 0
rl [
B

opp = | 64r + =D ! cos 0
rl "\ ]

0. = 8Avr cos 0

B (r (r r .
0 = 0p = [2/11 + 2;’1(111 (l) — 212<l)>:| sin 0
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Bz = [f (11 (;) + '112<'1)> + C] sin 0

Uy = (?h <§> + C) cos 0

) () ]

oy = n(?ll (;) + C) cos 0 (48)

It remains to check the boundary conditions. The divergence of the couple-stress tensor being
B_/[r\ .
ok = B (,) sin 054 (49)
and the component y,, being zero, the first boundary condition on the lateral surface (32) reduces to

B RY .
oy — ﬁll <7> sinf =0 (50)

and, owing to (48), is satisfied if

B R

In the second boundary condition on the lateral surface (33), the error (41) introduced by the classical
solution should be removed, so that we obtain

v+n

= —2yEP
o HEF =)

sin 00 (52)
which, owing to (48), is satisfied if

B(, (R R, (R v

Relations (47), (51) and (53) allow us to determine the constants 4, B and C. Putting o = (R/[), one
gets:

B —2yER(v + 1)
1+ v)fx[rxll(a) + @81 =v)+ fxz)lz(oc)]

_ odr(or)
A= 2R3 B
C = wg (54)

aR
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The additional solution is thus fully determined in terms of stresses. The corresponding displacements
may be easily derived by integrating the geometric relations (1) with the strain and gradient of rotation
computed from (48) through relations (30). The result is:

_ 1+v , B r
=~ <(1 4v)Ar r11<l))0050

_ 1+v , B r r r .
Uy = —% ((5 4v)Ar- + . (11(1> + 112<l))> sin 0

u, =0 (55)

3.4. Complete solution and bending inertia

The complete solution is the sum of the classical solution (37) and the additional solution in plane
strain (595), i.e. after substitution of 4, B and C according to (54),

[ (r
r I 2(v+ 11)R2—11 (—) 2
i v+ m1 —4v)L(2) e o\ 25 cos 0

|2 o)+ (1 —v)+ ocz)lz(oc)_ aly () + (8(1 — v) + oa2) (o)

[ r r
GG —h@ . 2(V+")R2[r11<1)“2<1>] 2

v .
27 i@+ 8O- +Dh@ | )+ 60 - +dDh@) 2| 0

ug =%

u. = —yrz cos 0 (56)

The stresses and couple-stresses being obtained by the summation of (39) and (48), the reduced loads
P, q and P on the cross-section may be now computed according to formulae (34) and (35). Taking into
account that the components x.. and y,, are zero and that the divergence of the couple stress tensor is
still given by eqn (49), the non-vanishing components of the reduced loads are:

p.=(8Av — Ex)r cos 0

I
g, = [ 2 EP 1—:_‘”7—1-11 <Il<’7>+;12<;)>+nC] in 0

B
qo = <2 El2 17 + n7ll<;) + nC) cos 0 (57)
Substituting (57) into (36) and performing the required integrations, it turns out that the only non-

vanishing component is .#,:

1 nR*
My = < EP J;m + nC)nR2 + nBI()R + (Ey — 84v) " (58)
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Substituting the values of the constants 4, B and C from (54), one finally gets

4 2 2
w, = R ] 821 n’) N 8(v +n)*h(x) (59)
: 4 2(1+v) (1 +v)[ahi(@) + @1 —v) + a2 ()]
It is recalled that the classical bending inertia is I, = (nR*/4). Then the new one is written as
2 2
1=L,1+89 ") 8(v+ 1)’ L(®) 60)
22(1+v) (1 +v)[ahi(@) + @1 —v) + a2 ()}

This formula is a generalization of the classical one: when /— 0, that is when o — + oo, both functions
I (o) and I() are equivalent to (e*/+/ena) so that

8(1—n*)  8(v+n’ | _ 1—172+(V+'1)2(1)2
e S S et o

The asymptotic expression (61) proves that the classical bending inertia is retrieved when /— 0.
The new bending inertia is always larger than the classical one, provided that conditions (28) are

satisfied. In particular, when n = —v, the complete solution reduces to the classical one and the formula
(60) takes a particularly simple expression
8(1 —
=i 200 (©2)
o

Considering that, in polycrystalline metal or granular material, / is probably of the order of the
dimension of the crystals or grains, the ratio o = R// cannot take very small values. In Fig. 2, the
variations of I/I. are plotted against # and «, for v = 0.3. In Fig. 3, they are plotted against # and v, for
o =4. In Fig. 4, the variations of 7/I. are plotted against #, for v =0.3 and « =4, 5, 10, 20, 50. In
practice, the influence of the couple-stresses diminished rapidly as o increases: independently of v>0 and
n, the relative difference between 7 and I, is less than 3% as soon as o is greater than 20.

0
Q§‘§§‘\\
ey

&‘2&‘?““3\‘{“;‘\\“:“\“\““

1.0

Fig. 2. Bending inertia of a circular cross-section for v = 0.3: variation with # and a.
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1.5 _

14—

Fig. 3. Bending inertia of a circular cross-section for o = 4: variation with v and .

15

. L.

—

<

05 *
Ul

1.4
1.3 ]
11,

1.2

1.1

10 .

-1.

Fig. 4. Bending inertial of a circular cross-section for v = 0.3 and o = 4,5, 10,20, 50: variation with #.

-0.5

IS ,56?,

-1.

1017

The linear couple-stress theory might therefore be checked by performing four point bending tests on
circular bars of various (possible small) radii: the bending rigidity EI is then the ratio of the moment
over the curvature between the load points, i.e. EI = PLd?/2Af is the difference between the deflections
of the mid-point and the point under the force P (Fig. 5). If formula (60) holds true, the ratio EI/R*
should not be constant but should increase for decreasing values of the radius.

4. Conclusion

The complete solution for the pure bending of a circular cylinder has been derived within the couple-
stress theory where only the gradient of rotation is taken into account. The recalculation of the bending
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P P

Fig. 5. Four point bending test.

inertia of a circular cross-section results in higher values than those accepted before, especially when the
ratio of the radius of the beam to the characteristic material length / is lower than 20.
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